A new method is presented to study supersymmetric quantum mechanics. Using relative scattering techniques, basic relations are derived between Krein's spectral shift function, the Witten index, and the anomaly. The topological invariance of the spectral shift function is discussed. The power of this method is illustrated by treating various models and calculating explicitly the spectral shift function, the Witten index, and the anomaly. In particular, a complete treatment of the two-dimensional magnetic field problem is given, without assuming that the magnetic flux is quantized.
I. INTRODUCTION
Since the first observation of fractionally charged states in certain field theoretic soliton models, 1 various techniques to obtain a more detailed understanding of that phenomenon have been developed. 2 Furthermore, the possible phenomenological realization of these states in one-dimensional polymers such as polyacetylene strongly stimulated this development. [3] [4] [5] [6] Among the different existing approaches 2 the treatment of external field problems offers the simplest possibility to study fractional charge quantum numbers. In this context, one starts from a Dirac operator with some external potential with nontrivial asymptotics. For example, in one dimension this can be realized in the easiest way by considering the following operator, acting on two-component wave functions:
-m x
where t/J(x) and m(x) are space-dependent "mass" terms. Nontrivial (solitonlike) asymptotics is then expressed by limx_ ± oo t/J(x) =¢>±,in comparison with the trivial case limx-± oo t/> (x) = t/> 0 • Since, in a field theoretic context, the transition from one case to the other corresponds to the passage from one representation of the canonical anticommutation relations to an inequivalent one, the relative charge is usually defined through a regularization procedure. It turns out that under suitable conditions on the Dirac Hamiltonian, the charge is given by half of the associated 'Tf m invariant.2,7-12
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The method described above (form = 0) is closely connected with supersymmetry, a subject of current interest in different fields of physics.
'
14 Indeed, the Hamiltonian defined as ( 1. 2) represents two Schrodinger operators, A *A and AA *, which are non-negative and which have the same spectrum, except perhaps for zero modes. The investigation of such supersymmetric quantum mechanical models is important. They serve as a laboratory to test and to understand supersymmetry breakdown in realistic field theories. 2 • 1 4-16 Furthermore, they provide a simple recipe for generating partner potentials, which can be used successfully in many physical problems. See Ref. 13 and references therein.
To study supersymmetric systems, Witten 16 introduced a quantity ll, counting the difference in the number of bosonic and fermionic zero-energy modes of the Hamiltonian. This quantity, called the Witten index, has to be regularized if the threshold of the continuous spectrum of A *A (AA *) extends down to zero (see, e.g., Refs. 2 and 16-19) . Here we will use the resolvent regularization, viz., Ref. 17 , ll =lim ll(z), ( 1.3) ll(z) = -zTr[(A *A -z)-
-
Fractionization of fl. has been seen explicitly in a number of examples. In this paper, we develop a new method to study supersymmetric quantum mechanics without assuming the Fredholm property for the operator A. This method, based on relative scattering techniques (Levinson theorem-type arguments, etc.), has the advantage of being simple and mathematically rigorous at the same time. In particular, we derive a relationship between Krein's spectral shift function 2 and the Witten index fl.. Furthermore, we show how the topological invariance of the (resolvent) regularized Witten index leads to the corresponding in variance of the spectral shift function itself. These new results offer a useful tool for explicit model calculations. To illustrate this, we discuss several examples in detail. A short account of this work has appeared in Ref. 20 . The rest of this paper is organized as follows: In Sec. II, we recall the basic properties of Krein's spectral shift function, 5 (A), A. the energy, and its connection with (modified) Fredholm determinants. 29 -31 In Sec. Ill, we consider supersymmetric quantum mechanical systems. We prove that under certain conditions on the Hamiltonian, the Witten index fl. is given as (minus) the jump of the spectral shift function s(A.) at A. = 0 and that the axial anomaly sf (Refs. 17 and 32) is equal to the limit of s(A.) as A,. ... oo. Furthermore, we use the topological invariance of the resolvent regularized Witten index under "sufficiently small" perturbations to derive the corresponding invariance of Krein's spectral shift function itself. Finally, we discuss the spectral asymmetry 'Tfm associated with Qm in terms of s(A.). Section IV illustrates the power of our method in explicit calculations by treating a number of models. Using the connection between Fredholm determinants and Wronskians 33 or exploiting the topological in variance discussed in Sec. III, we calculate in a straightforward way Krein's spectral shift function, the Witten index, and the anomaly for various examples on the line and on the half-line. Furthermore, we analyze the supersymmetric system describing a particle in a two-dimensional magnetic field without assuming the magnetic flux to be quantized. In this case, our method is the first rigorous and nonperturbative one that shows that the spectral shift function is piecewise constant, and thus that both the anomaly sf and minus the index fl. are equal to the flux. Also, the spectral asymmetry for the corresponding two-dimensional Qm model is calculated.
We end this introduction with the remark that Sees. III and IV are completely self-contained, so that they may be read independently of Sec. II, which offers a full account of the more technical results needed in the paper.
II. FREDHOLM DETERMINANTS AND KREIN'S SPECTRAL SHIFT FUNCTION
In this section, we present a full account of those basic, more technical results on Krein's spectral shift function and its connection with Fredholm determinants that we need in the rest of the paper. We start by introducing the following hypotheses. For any result, only some of the hypotheses will be assumed. 
. 34 Next, we introduce a "high-energy" assumption of the following type.
Hypothesis (iii): Assume Hypothesis (ii) and
Finally, we introduce two assumptions which will allow generalizations in the sense that the Fredholm determinant used later on can be replaced by a modified one. This generalization is critical in higher-dimensional systems where Hypothesis (iii) is known to fail (cf., e.g., Refs. 35 and 36) .
Hypothesis ( 2 ) and s'f' 2 corresponding to («<>(H 1 ),«1>(H 2 )) by 37 SI2(A) = s'f'2(«1>(A.))sgn(«<>'(A.)). IfHj,j = 1,2, are bounded from below, wedefines 12 (A) = 0 to the left of the spectra of H 1 and Hz in order to guarantee uniqueness for 5" 12 
and, e.g., (2.10) (c) Let G C C be open, and A: G--. &J 1 ( JY') be analytic in the &J 1 ($') norm. Then det[ 1 +A (z)] is analytic with respect to zEG and 
If, in addition, 5 12 is bounded and piecewise continuous on
AElR. (2.14)
Proof' By Lemma 2.4, we have 
Proof Obviously Eq. (2.15) holds for A(z)E&if 1 (£'), zEG. The general case follows by a limiting argument. 0 Lemma 2. 7: Assume Hypothesis (iv). Then
ZEp(H1) np(Hz) .
Proof By Lemma 2.6 one gets
zEp(H 1 )np(Hz).
For related work, see also 
(2.17)
JAo
and we define
Lemma 2.8: Assume Hypothesis (v) and assume that
If, in adddition, t 1 z is piecewise continuous and bounded on R., then
Proof Similar to that of Lemma 2.5. 0
Example 2.9: Let 1Vd
3 ) nR (R the Rollnik class, 34 i.e.,
and define in L \R." ):
and hence A 0 = 0 and (cf., e.g., Refs. 35 and 36)
Finally, assume Hypothesis (i) and define, for some MER.,
ZEp(HI) np(Hz).
(2.23)
Furthermore, define 
For example, the real part in Eq. (2.28) yields
by dominated convergence. 
Ill. SUPERSYMMETRY AND KREIN'S SPECTRAL SHIFT FUNCTION
In this section we consider general supersymmetric quantum mechanical systems and we establish a basic relationship betwen Krein's spectral shift function 5 12 (A) and the Witten index, and between 5 12 (A) and the axial anomaly. Furthermore, we discuss the topological in variance of the (regularized) Witten index and the spectral shift function. Finally, the spectral asymmetry for Qm -type models [ cf. Eq. 
We remark that A is Fredholm iff A* (or A *A) is. 47 In addition dim Ker(A) =dim Ker(A *A) (3.8) implying that
Thus i (A ) describes precisely the difference of bosonic and fermionic zero-energy states (counting multiplicities). We emphasize that we shall also use definition ( 3. 7) for i(A) in case A is not Fredholm. Of course, in this case i(A) might lose some of the typical properties of an index.
We state the following. Proof: We only sketch the major step. The fact that Hj, j = 1,2, are Fredholm guarantees an expansion of the type 
Tj=n-lim(Hj-z)-
Taking the trace in Eq. ( 3.11) and observing that .27) i.e., the regularized Witten index is invariant against small perturbations B of the above type.
Since a more general result (where A acts between different Hilbert spaces&" and&"') has been proven in Ref. 48 
IV. SPECIFIC MODELS
We present a series of examples of explicit model calculations which illustrate the practical use of the abstract results of the foregoing section. for some ~>0 as lxl-oo. Concerning zero-energy properties of Hj, j = 1 ,2, see Table I . These zero-energy results easily follow from the fact that the equations Af=O, A*g=O (4.8) have the solutions
In order to derive Eq. ( 4.4), we introduce Jost solutions (4.5) jj± (z,x) associated withHj,j= 1,2, 
12) where
and T 12 (z) denotes ( 4.13) 17) such that (cf. Lemma 2.4) 
Finally, a straightforward computation yields
wherej,g are distributional solutions of The result ( 4.4) was first derived by Callias, 17 and since then by numerous authors.z.w,u.ls.z 1 • 2 z.zs,ss While our derivation is close to that in Ref. 22 , it seems to be the shortest one since the trick based on Eq. ( 4.21) explicitly exploits supersymmetry and avoids the use of an additional comparison Hamiltonian in the approach of Ref.
22.
Next, we discuss an example on the half-line ( 0, oo ) . (4.37) We now consider a generalization of this example which allows us to discuss n-dimensional spherically symmetric systems (cf., e.g., Refs. 2 and 13). 
where </> fulfills the following requirements: 38) 1= drWq, 0 (r)(l~'(r)l +r-'l~(r) -~+l)<oo, (4.39) 1= dr Wq, 0 (r)l~(r) -~+1 < oo, and the weight function w<l>o is defined by if 1/Jo = Now H 1 and H 2 are given by
Explicitly, we have Table III .) If~+= 0, the result a=~ is not due to a zero-energy (threshold) resonance, but due to the longrange nature of the relative interaction V 12 (r) = 2¢ 2 r-2 + o(r-2 ) as r-+ oo. Since Eq. ( 4.43) is independent of ¢ 0 , this result holds in any dimension ;>2 and for any value of the angular momentum.
In order to derive Eq. ( 4.43), one could follow the strategy of example 4.2 step by step since formula ( 4.36) remains valid in the present case for suitably normalized Jost and regular solutions (although we are dealing with a long-range problem!). To shorten the presentation, we will use instead a different approach based on the topological in variance property of a(z) and5 12 (A) (this approach obviously also works in example 4.2). Indeed, because of Theorem 3.3, it suffices to choose ~(r) = ~+• r;>O in example 4.3. Then 
and hence ( 4.43) 
( 4.52) By straightforward calculations, one obtains the information contained in Table IV . Here the following case distinction has been used: 
for some 0>0. We will give two methods of computing this constant value of s 12 , the first using heat kernels, the second, resolvents. It would be nice to know why this is true. We remark that the result (4.60) has been obtained in Ref. 24 by using certain approximations in a path integral approach. The above treatment seems to be the first rigorous and nonperturbative one.
To complete this discussion, we still mention that the (regularized) spectral asymmetry, 1/m (t), associated with this magnetic field example ( 4. 
